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Abstract-For the crystal growth of an oxide, a global analysis of heat transfer in the inductively heated 
Czochralski furnace was carried out, taking the radiative heat transfer within the crystal and the melt into 
account. As a result, the flow and temperature fields are strongly affected by the variation in optical 
properties of the crystal and the melt, and the melt-crystal interface shape becomes more convex to the 
melt as the optical absorption coefficients of both the crystal and the melt decrease. 

1. INTRODUCTION 

i3Gb cinole rnrdalr nlrh SE vttrillm ~lnminnm marnet V,ll..I ““‘b” “‘J “%..A” Y..“ll L.” J bLA1..111 .+l.,.llllll..lll &U”‘.,L 
(YAG), gadolinium gallium garnet (GGG) and lith- 
ium niobate (LN)’ are utilized as solid-state laser hosts 
and materials for acoust-opt-electronics devices, and 
are commonly grown by the Czochralski (CZ) 
method. For the production of a perfect single crystal 
by this method, it is important to acquire the correct 
information about the heat transfer mechanism and 
to control the heat transfer in the CZ furnace, because 
the quality of the crystal is closely related to its thermal 
history and the transport phenomena in the furnace. 

One of the methods of predicting the phenomena 
in the CZ furnace for oxide crystal growth is numerical 
C~ITIII~~~~~TI Knh,lvachi I1 31 2nd T and& 1’31 have -____-_-.____. ---“: ‘,“-‘-- L-) -, -__- -“__~_~_’ L-, _._._ 
modeled the CZ oxide crystal growth system using the 
so-called ‘bulk flow’ model, which considered only 
the heat transfer and fluid mechanics in the fixed- 
geometry melt. More rigorous models [4-91 have now 
been developed which account for both the melt-crys- 
tal and melt-gas interface shapes in addition to heat 
transfer in the melt and the crystal and the melt con- 
vection, but they employ the assumption that tem- 
peratures at the crucible or the heater and at the ambi- 
ent wall are all given. Recently, the global heat transfer 
analysis was developed for the CZ crystal growth of 
an oxide [lo, 111, where one could predict the tem- 
perature and flow fields in the furnace and all interface 
shapes under the given furnace geometry and pro- 
cessing conditions. 

Oxide crystals are not opaque to infrared radiation. 
This strongly influences heat transfer and the melt- 
rrvrtcal intprfgrr= .h=ne An-Ann thn P7 rmrrtal r.rnxxrth W’JYCU’ lllCIllY”V Y”uy” UU”“& CLAW UY “JULU’ p”.“c”’ 
For instance, the internal radiation through the crystal 
makes the interface deeply convex toward the melt. 
Cockayne et al. [ 121 and Kvapil et al. [13] studied the 
effect of optically active dopants on the interface shape 
in the CZ oxide growth system, and revealed that the 
optical absorption characteristics of the crystal affects 
the interface deflection. However, most of the math- 
ematical models in the previous theoretical studies 
have not taken this effect into account. 

Recently, Xiao and Derby [14, 151 modeled the 
internal radiation within the crystal during the CZ 
crystal growth of GGG and YAG, and numerically 
&.mnnctr~t,=rl the rlmmlv PO\~VPY interfarm UFIIWPVP~ ..~....,..y.I...~~ . .._ ..““y.J WV&I IV‘. IIICIIIUII”. II” I,., 1-1, 
their model approximated the internal radiation 
through the crystal by considering the crystal to be 
totally transparent and bounded by vanishingly thin 
opaque surfaces, and thus could not account for the 
effect of the optical properties, e.g. absorption 
coefficient of the semitransparent crystal, which is 
encountered with the addition of various amounts of 
dopants in Cockayne’s experimental work. The more 
rigorous approach for modeling the internal radiation 
is necessary in the CZ system, as attempted in the 
Bridgeman system by Brandon and Derby [16, 171 
and Matsushima and Viskanta [18]. 

The aim of this work is to develop a global analysis 
of heat transfer in the inductively heated CZ furnace, 
in which the internal radiative heat transfer within the 
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NOMENCLATURE 

A’ area of surface element [m’] T temperature [K] 
A = A’/rL2 T:, melting point temperature [K] 
a’ optical absorption coefficient [m-l] T = T’IT:, 
a optical thickness (= a’r:) u’ radial component of velocity vectors 

C, heat capacity [J kg-’ K-l] [m s-l] 

F/k view factor VI crystal pulling rate [m s-‘1 

Gjk the fraction of the outgoing radiative W’ axial component of velocity vectors 
flux from surface A, that reaches Ak [m ss2] 

Gr Grashof number (= ri3j?T&g/vf) u, w = u’r i/v,, w’r :/v, 

&Y 
gravitational acceleration [m s-=] Z’ axial distance in cylindrical 
latent heat of solidification [J kg-‘] coordinates [m] 

., 2 radiative intensity w mm2 sr-‘1 Z =z’/ri. 
J’ irradiance [W m-‘1 
J = J’/4a T;;’ Greek symbols 
k thermal conductivity [w m- ’ K- ‘1 B thermal expansion coefficient [K-l] 

& radiation<ondution interaction & emissivity 
parameter ( =40TA3r i/k,) P viscosity [Pa s] 

n refractive index V kinematic viscosity [m’ s-l] 
n normal vector at the boundary surface K = k/k, 
Pe Peclet number (= pas C,, V :r a/k,) PO density [kg m-3] 
Pr Prandtl number (= fir C,,/k,) P reflectivity 
q:“’ incoming radiative flux from the inside 0 Stefan-Boltzman constant 

of the boundary surface [w mm21 yW mm2 Km41 
O”f I 

91 incoming radiative flux from the T transmissivity 
surroundings to the boundary surface 0 solid angle [sr]. 

Iw m-=1 out 4”, qi = q1”‘, qP”f’/aT; Subscripts 
r’ radial distance in cylindrical C crucible 

coordinates [m] k materials other than crystal, melt and 
I 

r, crucible radius [m] crucible 

l;;t 
= f/r:. 1 melt 
Stefan number (= AH,/C,,T&) S crystal. 

crystal and the melt can be accounted for, and to 
reveal the effect of optical properties on the velocity 
and temperature distributions in the furnace and on 
the melt-crystal interface shape. 

2. THEORETICAL MODEL 

In the CZ crystal growth of an oxide, radio-fre- 
quency (RF) induction heating is frequently used, as 
shown in Fig. 1. The a.c. electric current in the coil 
induces the eddy current in the metal crucible wall. 
The raw material of the crystal in the crucible is melted 
by joulean heating from the eddy current. Therefore, 
in the global analysis of heat transfer in the inductively 
heated CZ furnace, the electro-magnetic field in the 
system should be computed first of all to obtain the 
heat power distributions in the crucible, and then flow 
and temperature fields in the furnace are calculated. 

The numerical algorithm developed in our previous 
work [l I] for calculating the electro-magnetic flow 
and temperature fields as well as all interface shapes 

in the inductively heated CZ furnace, is extended to 
incorporate the efficient method for accounting for 
the internal radiation within the crystal and the melt. 
In the interest of brevity, details of the mathematics 
to calculate the electro-magnetic field in the furnace, 
tha melt h,rrlsr\A.mom;r.a onA 011 ;ntm.foen ahonor O,.P Lllr LllUlC “JU’“UJ”cu”‘~.J c4I1U CL,, 1111”IIat,ti 01K&yw U&b 

not included here, and are available in our previous 
work [l I]. Only a few important points for internal 
radiative heat transfer are presented here, in which 
radiative heat transfer in the semitransparent crystal 
and melt is approximated using a differential (P,) 
approximation [ 181. 

The dimensionless forms of the governing equations 
of the energy and radiative transfer in the melt and 
the crystal are expressed as follows : 

(1) 
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Fig. 1. Schematic diagram of inductively heated CZ furnace. 

where subscripts 1 and s represent the melt and the 
crystal, respectively. In the energy equations (1) and 
(2), the last terms on the right-hand side describe the 
contribution of radiative heat transfer. a and NR are 
the optical thickness and radiationxonduction inter- 
action parameter defined by a’r: and 4gTk3rL/kl, 

respectively, in which the optical absorption 
coefficient a’ is independent of the wavelength, since 
we consider the radiative transfer in the gray-emitting 
media. n, and n, are the refractive indices of the crystal 
and the melt. J’ (=4crl”AJ) is the integrated mean 
intensity defined by the zeroth-order moment of radi- 
ative intensity i’ 

J’ zz 
s 

i’ dw. (5) 
w=4n 

The boundary conditions for equations (l)-(4) are 
given by the following equations. 

For the energy equations 
At the melt-crystal interface 
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-I1,v~.“+K,VT,n-~vJ,.~+~vJ~.n 
I s 

at the melt free surface 

= - PeSt(e;n) (6) 

0% -k,VT,* n = 4 l+n:+L.: T; 
l+Pl ) 

at the crucible wall 

-K-,VT,*n+rc,VT;n = $$ (n: T: -Jr) (8) 
c 

at the crystal surface 

elsewhere 

-KkVTk.n = y(T;-q;;L). 

For the equation of radiative transfer 
At the melt-crystal interface 

J, = J, - &VJ,.n = - &VJ/n 
I S 

(10) 

(11) 

at the melt free surface 

1 l-P, +J,.n=- ~ J_ 4 
I ( ){ 2 l+P, 

__ (&IT; +w$") 
' l--P, 

(12) 

at the crucible wall 

-&VJ,.n = &(JI-n:T:) (13) 
I c 

. . at tne crystai surface 

1 l--P, -&VJ/“=- ~ 
s ( ) 2 l+P, 

(Q'-: + tsq;:‘) (14) 

at the center line 

VJ, . n = 0. (15) 

To derive the above boundary conditions, it is 
assumed that the crystal and the melt are bounded by 
vanishingly thin semitransparent diffuse-gray surfaces 
with an emissivity a, reflectivity p and transmissivity 
7, and that the crucible wall is an opaque diffuse-gray 

surface. The interreflections between the crystal or 
melt surfaces and the surroundings, such as the 
exposed crucible wall, insulator and radiation shield 
are accounted for by the incoming radiative flux from 
the surroundings to the surfaces qyt. which is obtained 
in the following manner [ 191. 

An enclosure having N semitransparent diffuse- 
gray surfaces with uniform temperature is considered, 
where the enclosure may correspond to the gas space 
surrounded by the crystal surface, the melt surface, 
the exposed crucible wall, the insulator, etc. For a 
typical surface, A,, let G, be the fraction of the out- 
going radiative flux from surface A, that reaches Ak. 
The total outgoing flux from surface A, is 
A](E$“,~ +zjq$/n2), in which the first term is the emis- 
sion from the surface A, and the second is the trans- 
mission of the radiative fluxes to surface A, from the 
outside of the enclosure, in other words from the 
inside of the crystai or the meit. The portion traveiing 
by a direct path to Ak is expressed by A, (E,T~ 
+zjq$/n2)Fjk with the view factor F,,. The portion 
which starts from A, and arrives at A, is reflected as 
A,(&, Tj + zjq$‘/n2)F,,p,, According to the definition of 
Gik, all the energy which arrives at Ak originating from 
Aj is 

= Aj(sjT/* + r,dg/n*)F/k+ {Aj(EjTp + Zjd:/n*)F,l pi Glk 

+ ’ . + A, (Ed T; + 7, q&/n*)& p, Gkk 

+ . . .+A,(& +~,q:,/n*)F,,v~~G,. (16) 

Dividing equation (16) by A, (cjT/4 + z, q1,“/n2), the frac- 
tion Gik is given as follows : 

Gjk = &+F/IPIGR+ ... +E;kpkGkk+ ‘.. 

+&PN%. (17) 

For each surface Ak in the N-sided enclosure, we cal- 
culate Glk, G2k, . . . , GNk by solving the following set 
of equations, which is obtained by letting j in equation 
(17) take all values from 1 to N. 

F,,p,-1 F,,p, ... ... Fz: P: Fz2p2-l ... ... 
. . . . . 

FNIPI FNZP, 

=- 
(18) 

With Gjk, q,Y+“’ in the boundary conditions is obtained 
using the following equation : 

q$’ = ,$, Aj(EjT,? f7jqi:/n2)Gjk (19) 

where 
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Table 1. Optical properties of the melt and the crystal 

Refractive index 
melt (n,) 
crystal @,:I 

Absorption coefficient 
melt (a{) [In-‘j 
crystal (al) [m-‘1 

Emissivity 
melt (6,) 
crystal (E,) 

Reflectivity 
melt (PJ 
crystal (P.) 

Transmissivity 
melt (T,) 
crystal (7,) 

2.3 
2.3 

35.1-350.1 
35.1-280.7 

0.3 
0.3 

0.3, 0.7 
0.3, 0.7 

0.4, 0.0 
0.4,o.o 

To solve the a.bove problem, the Galerkin finite 
element method is used. The calculation domain is 
discretized by isoparametric quadrilateral elements, 
where the total number of elements and nodal points 
are 4240 and 4374 in the analysis of the electro- 
magnetic field, and 1095 and 4664 in the flow and 
temperature fields, respectively. In each element, mag- 
netic stream functions are approximated with a bilin- 
ear trial function, velocity vectors, radiative intensity 
and temperature with biquadratic functions, and pres- 
sure with a linear function [ 111. 

3. REWLTS AND DISCUSSION 

In the present work, we consider the same geometry 
of a CZ furnace as that in the previous work [l 11, 
where a LiNbOJ single crystal (25 mm diameter) is 
pulled continuotrsly at the rate of 1 mm h-’ from 

the melt in the Pt crucible (60 rnrnO.n- x 60 mm” x 1.5 
mm=), as shown in Fig. 1. The physical properties 
and processing parameters used in the calculations are 
identical to those in our previous work [l I] except 
for the optical properties, e.g. the optical absorption 
coefficient, refractive index and surface radiative 
properties. The optical properties of the melt and the 
crystal are assumed as listed in Table 1, because they 
are not known at temperatures corresponding to the 
growth conditions. The Prandtl number, Pr, and the 
Grashof number, Gr, in this system are 13.6 and 
4.67 x lo’, respectively, but both the Marangoni num- 
ber and the crystal rotational Reynolds number are 
zero, i.e. Marangoni flow is not considered and the 
crystal is not rotated. 

Figure 2 shows the effect of optical thickness, 
a( = a’r I), on the temperature distributions in the fur- 
nace and the flow pattern in the melt, where the optical 
absorption coefficients of the crystal and the melt are 
the same. The boundary surfaces of the melt and crys- 
tal are assumed to be semitransparent ones with 
a, = a, = 0.3, p, = pS = 0.3 and r, = z, = 0.4. When the 
melt and the crystal are semitransparent, as shown in 
Fig. 2b and c, the structure of the flow field in the melt 
is much different from that in the opaque melt (a = co 
in Fig. 2a). In the opaque melt, a vortex center locates 
relatively higher and nearer the crucible wall, and also 
the flow exhibits an undulating structure at the bottom 
of the crucible due to a retarding force caused by 
vertical stratification of the melt [15]. While, in the 
semitransparent melt, such an undulating structure 
does not appear, the relatively simple convection with 
the vortex center at the middle part of the melt exists, 
although the intensity of convection in the semi- 
transparent melt is much larger than that in the 
opaque one. This is due to the larger heat loss through 
the melt surface by the internal radiation, which 

(a) u = O3 (b) a = 8.0 (c) a = 2-o 
Fig. 2. Streamlines in the melt (left side) and isotherms in the furnace (right side) for different values of 
the optical thickness a, where a = a, = a,, E, = E, = 0.3, p. = p, = 0.3, rS = z1 = 0.4. The contour intervals 
for the stream functions are (a) 0.1 and (b), (c) 0.4, and for temperature is 15.26 [K]. The maximum values 
of stream function and temperature in the furnace are (a) 1.11 and 1608 [K], (b) 4.32 and 1716 [K], and 

(c) 4.43 and 1729 [K], respectively. 
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-O-O. 
r I-l . 

Fig. 3. Effect of the optical thickness a on the me&crystal 
interface shape, where a = a, = a,, E, = E, = 0.3, 

p. = p, = 0.3, Ts = t, = 0.4. 

results in an increase in the heat power to keep the 
crystal radius constant, i.e. the increase in the 
maximum temperature at the crucible wall. Conse- 
quently, a larger temperature gradient is horizontally 
established across the melt and thus the buoyant flow 
in the semitransparent melt is stronger than the cor- 
responding flow in the opaque melt. The temperature 
gradients in the crystal decrease as the optical thick- 
ness decreases, because the contribution of the 
internal radiation into the total heat transfer through 
the crystal increases and the role of the thermal con- 
duction diminishes. 

Figure 3 shows the effect of the optical thickness on 
the melt-crystal interface shapes when E, = E, = 0.3 
and p, = ps = 0.3. In this figure, AZ represents the 
deflection of the interface against the flat one, and the 
negative value of AZ corresponds to a convex interface 
toward the melt. As the optical thickness decreases, 
the melt-crystal interface becomes more convex to the 
melt. Since the internal radiation in a semitransparent 

Gs 1221 [K] 

1373 

(a) a, = 4.0 

crystal enhances the heat flux through the crystal, a 
larger melt-crystal interface area is needed and the 
deflection of the interface toward the melt is increased 
to compensate for the larger heat flux. Cockayne et 
al. [12] experimentally showed that the melt-crystal 
interface becomes more convex as the molecular porp- 
ortion of YAG increases during the CZ growth of 
the mixed garnet crystal formed between YAG and 
DyAG, where the optical absorption coefficient of 
YAG is relatively smaller than that of DyAG. The 
results in Fig. 3 qualitatively explain Cockayne’s 
experimental results. 

In Figs. 2 and 3, the oxide melt is assumed to be 
semitransparent as well as the crystal. However, 
Nason et al. [20] revealed using spectroscopic 
measurements of the oxide that the optical absorption 
coefficient of the oxide melt is significantly larger than 
that of the crystal, although, strictly speaking, their 
results are valid only at a wavelength of 543 nm 
because they used a He-Ne laser as a light source. 
Thus, the absorption coefficient of the LiNbO, melt 
may be larger than that of the crystal. Figure 4 shows 
the calculated results of the temperature distributions 
in the furnace and the flow pattern in the melt, where 
a, is fixed at 2.0 but a, is varied. In Fig. 4, the melt 
surface is assumed to be opaque, i.e. E, = 0.3 and 
p, = 0.7. The temperature gradients in the melt, 
especially near the melt-crystal interface, increases 
with a,, because the increase in the absorption 
coefficient of the melt diminishes the role of the radi- 
ative heat transfer through the melt and thus increases 
the role of thermal conduction. The effect of a, on the 
shapes of the melt-crystal interface is shown in Fig. 
5.The interface becomes more convex to the melt as 
a, increases. The radiative heat flux from the melt to 
the melt-crystal interface decreases as a, increases, but 
the total heat flux through the crystal is almost the 

(b) a, = 10.0 

Fig. 4. Streamlines in the melt (left side) and isotherms in the furnace (right side) for different values of 
the optical thickness of the melt a,, where a, is fixed (2.0), and E, = E, = 0.3, p. = 0.3, p, = 0.7, rs = 0.4 and _ -. _ _ _ ____ -. 
5, = 0. I he contour intervai for the stream functions is 0.3 and for temperature is 15.26 [K]. ‘l‘he maximum 
values of stream function and temperature in the furnace are (a) 3.45 and 1658 [K], and (b) 2.72 and 1671 

[K], respectively. 
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x -0.05 

a” 
-0.1 

-0.15 
r I .,.,I 
0 0.1 0.2 0.3 0.4 

r 1-l 

Fig. 5. Effects of the optical thickness of the melt a,, on the 
melt&crystal interface shape, where a, = 2.0, E, = E, = 0.3, 
ps = 0.3, p, = 0.7. This figure also includes the result with 

opaque crystal surface (p, = 0.7). 

same, regardless c’f a,. This causes large temperature 

gradients in the tnelt and deep interface deflection 

toward the melt to increase. 

During the crystal growth of the oxide, crystal sur- 
faces are often coated by impurities deposited by the 
vapor-phase transport, such as metallic species from 
the crucible. In such a case, the assumption of an 
opaque crystal surface may be reasonable [ 141. Figure 
6 shows the calculated results of the temperature dis- 
tributions in the furnace and the flow pattern in the 
melt under the conditions of zero transmissivity of 
melt and crystal surfaces, i.e. E, = E, = 0.3, 
p, = pS = 0.7 and r, = zS = 0. Here, the optical thick- 
nesses, i.e. the absorption coefficients, of the crystal 
and the melt are the same as those in Fig. 4b. The 
temperature gradient in the crystal is much smaller 
than those with the semitransparent surfaces shown 
in Fig. 4b. For the opaque surface and higher value 
of crystal surface reflectivity, an amount of radiative 

mk 1450 [K] 

7. P. A. Sackinger, R. A. Brown and J. J. Derby, A finite 
element method for analysis of fluid flow, heat transfer 
and free interfaces in Czochraiski crystai growth, int. .i. 
Numer. Meth. Fluids 9,453492 (1989). 

8. T. Tsukada, N. Imaishi and M. Hozawa, Theoretical 
study of the flow and temperature fields in CZ single 
crystal growth, J. Chem. Engng Jap. 21, 184-191 (1988). 

9. T. Tsukada, M. Hozawa and N. Imaishi, Effect of inter- 
face inversion on thermal stress field in CZ crystal growth 
of oxide, J. Chem. Engng Jap. 23,28&290 (1990). 

10. J. J. Derby, L. J. Atherton and P. M. Gresho, An inte- 
grated process model for the growth of oxide crystals by 
the Czochralski method, J. Crystal Growth 97, 792-826 
(1989). 

Fig. 6. Streamlines in the melt (left side) and isotherms in 
the furnace (right side) under the condition that the crystal 
surface is opaque, where a, = 2.0, a, = 10.0, E, = E, = 0.3, 
p. = p, = 0.7. The ccmntour interval for the stream functions 
is 0.3 and for temperature is 15.26 [K]. The maximum values 
of stream function and temperature in the furnace arc 2.43 

and 1592 [K]. 11. T. Tsukada, M. Hozawa and N. Imaishi, Global analysis 

flux to the crystal surface is reflected back into the 
crystal. Thus, the conductive flux normal to the sur- 
face and the average temperature in the crystal 
increase, and the melt-crystal interface becomes less 
convex to the melt, as shown in Fig. 5. 

4. CONCLUSIONS 

For the crystal growth of an oxide, the global analy- 
sis of heat transfer in the inductively heated CZ fur- 
nace was developed, which took the radiative heat 
transfer within the crystal and the melt into account. 
The effect of the optical properties of the melt and 
the crystal, i.e. the optical absorption coefficient, and 
surface emissivity, reflectivity and transmissivity, on 
the flow and temperature fields in the CZ furnace and 
on the melt-crystal interface shape was theoretically 
investigated. It is found that the flow and temperature 
fields are strongly affected by the internal radiation in 
the crystal and the melt, and that the melt+zrystal 
interface shape becomes more convex to the melt as 
the optical absorption coefficients of both the crystal 
and the melt decrease. However, the deflection of the 
interface becomes iarger as the absorption coefficient 
of the melt increases when the absorption coefficient 
of the crystal is fixed. 
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